A family of potential-density pairs that represent spherical shells with finite thickness is obtained from the superposition of spheres with finite radii. Other families of shells with infinite thickness with a central hole are obtained by inversion transformations of spheres and of the finite shells. We also present a family of double shells with finite thickness. All potential-density pairs are analytical and can be stated in terms of elementary functions. For the above-mentioned structures, we study the circular orbits of test particles and their stability with respect to radial perturbations. All examples presented are found to be stable. A particular isotropic form of a metric in spherical coordinates is used to construct a General Relativistic version of the Newtonian families of spheres and shells. The matter of these structures is anisotropic, and the degree of anisotropy is a function of the radius.
Introduction
Analytical potential-density pairs with spherical symmetry have played an important role in galactic dynamics. Simplified models may be used not only to test and to perform sophisticated numerical simulations, but also to help us gain insight into more complicated phenomena. Several spherical analytical potential-density pairs have been proposed as models for elliptical galaxies and bulges of disc galaxies [1, 2, 3] , for dark matter haloes [4] , as well as generalizations of these models [5, 6, 7] . Shells constitute another spherical self-gravitating system that is important in issues like cosmology, gravitational collapse and supernovae (see, for instance, [8] and references therein). A common simplification is to consider shells with infinitesimal thickness. Rein [9] constructed analytic solutions of the Vlasov-Poisson and Vlasov-Einstein systems representing, respectively, Newtonian and General Relativistic shells with finite thickness and a vacuum at the centre. A more detailed analysis of relativistic shells was done by [10] . Solutions for relativistic double and also multishells were found by [11] using numerical methods. Other numerical solutions of finite Vlasov-Einstein shells were obtained by [12] . Recently, [13] proposed a simple Newtonian family of potential-density pairs of spherical shells with varying thicknesses and also a General Relativistic version of these models.
In this work, we obtain families of potential-density pairs that represent spherical shells with finite thickness and shells with infinite thickness that have a central hole. We also build a family of double shells with finite thickness. For these structures, we study the rotation curves (circular orbits) of test particles and make a first stability analysis by considering the stability of circular orbits under small radial perturbations. We also consider a General Relativistic version of some of these Newtonian potential-density pairs in the same manner as in our previous work [13] . The paper is divided as follows. In Section 2, we present a family of spheres with finite radii that will be used as a basis for the construction of the spherical shells. In Section 3, the inversion theorem is applied on the spheres to obtain a first family of infinite shells. Then, in Section 4, shells with finite thickness are constructed by superposing different members of the family of spheres. The inversion theorem is also used on these shells to obtain another family of infinite shells with a central hole. In Section 5, we show how to construct a family of double shells with finite thickness by superposing different members of finite shells, and we discuss a particular example. In Section 6, we use a particular isotropic form of a metric in spherical coordinates to construct a simple General Relativistic version of the Newtonian spheres and shells. We study in some detail two examples of spherical structures. Finally, in Section 7 we summarize our results.
A family of finite spheres
We begin by considering a family of spheres with finite radius and following mass-density distribution,
where m = 1, 2, . . . . This form of mass distribution has been chosen because it is a monotononically decreasing function of the radius and the corresponding potential can be expressed in terms of elementary functions, as will be seen below. Furthermore, models of thin finite discs with surface densities in the form of (1), where r now represents the cylindrical radius, are well known. The disc member with m = 1 is the uniformly rotating disc of Kalnajs [14] . González & Reina [15] constructed a family of generalized Kalnajs discs with surface density similar to (1); however, it is interesting to note that a family of discs with a similar density distribution has been used much earlier by Morgan & Morgan [16] in their study of General Relativistic static thin discs.
The total mass M m of the sphere is
For convenience, we consider spheres with the same mass M = M m . Then, equation (1) can be rewritten as
The potential of the sphere with m = 1 follows from direct integration of the Poisson equation in spherical coordinates:
and is given by
The potentials of the spheres with m > 1 can be found by using the recurrence relation
For reference, the potentials of the members with m = 2, 3, 4 read as
A common dynamical quantity used to characterize spherical distributions of matter is the circular velocity v c (or the rotation curve) of test particles. We will mosty be interested in the circular orbits of particles inside the matter distributions. We also investigate the stability of these orbits under small radial perturbations. This is characterized by the epicyclic frequency κ, where stable (46)- (49), and curves of the dimensionless epicyclic frequencyκ m = κ m /(GM/a 3 ) 1/2 , equations (50)-(53), as functions of r/a, for four members of the family of spheres. Unlike the disc case, we do not have a linear rotation profile for the sphere with m = 1. We also note that the circular orbits for the four first members are stable.
Inverted spheres
A new family of spherical potential density-pairs can be obtained by making an inversion (or a Kelvin transformation) [18, 19] on the spheres with density (3). In spherical coordinates, the inversion theorem states that if a potential-density pair ρ(r), Φ(r) is a solution to the Poisson equation, then the pair
is also a solution to the Poisson equation. The inversion theorem applied to the density (3) results in
This mass distribution can be interpreted as a family of spherical shells with a central hole of radius a. The shells extend to infinity, although the density decays quite fast, ρ m(inv.) ∝ 1/r 5 . The maximum of density occurs at r/a = (2m + 4)/5. The mass M m of each shell is
For convenience, we consider shells with the same mass M = M m and rewrite (13) as
The expressions for the potentials of the shells with m = 1, 2, 3, 4 are given in Appendix B. From them result simple equations for the rotation curves v c(m)(inv.) and epicyclic frequencies κ m(inv.) , namely
, (17)
which suggest the general relations
Some curves of the dimensionless mass densityρ m(inv.) = ρ m(inv.) /(M/a 3 ), equation (15) , as function of r/a, are shown in Fig. 2(a) . The shell with m = 1 exibits a quite sharp density profile. In Figs 2(b) and (c), we plot, respectively, curves of the dimensionless circular velocityv c(m)(inv.) = v c(m)(inv.) /(GM/a) 1/2 , equations (16) and (17), and the dimensionless epicyclic frequencyκ m(inv.) = κ m(inv.) /(GM/a 3 ) 1/2 , equations (18)- (21), as functions of r/a. The four members of the shells shown are stable with respect to radial perturbations of circular orbits. From (23), we see that all members are stable. According to Newton's shell theorem, the potential inside the hole (0 ≤ r ≤ a) is constant and thus the circular velocity must be zero.
Families of spherical shells
Now we use the spheres discussed in Section 2 to construct potential-density pairs that represent shells of matter with finite thickness. The method is similar to the used by [20] to obtain rings by superposing the Morgan & Morgan discs (16) and (17), and (c) the epicyclic frequencyκ m(inv.) = κ m(inv.) /(GM/a 3 ) 1/2 , equations (18)- (21), as functions of r/a, for the same members of inverted spheres. [16] . We take the density distribution (1) and make the following sum:
where
. . and n = 1, 2, . . . . This new density distribution vanishes on r = 0 and r = a, so it represents a spherical shell with thickness a. Its mass density has a maximum value at r/a = (2n)/(2m + 2n + 1). The total mass M (m,n) of each shell is
The potentials associated with the mass density (24) are found by a similar sum, i.e. the potential of the shell with m = 0, n = 1 is Φ (0,1) = Φ 1 − Φ 2 . The explicit expressions for the potentials of the shells with m = 0, 1 and n = 1, 2 are given in Appendix C.
In Fig. 3(a) , we display curves of the dimensionless mass densityρ n+2 and thus also grow more slowly as n increases. We also see that the members of shells shown in the figure are stable.
It is also possible to invert the shells. A Kelvin transformation applied to the density (24) results in
which represents a shell with a central hole of radius a. If n = 0 and m → m − 1 we recover the family of inverted shells discussed in Section 3. They also extend to infinity with an even larger decay of density, ρ (78)-(81), for the same members of inverted shells. Once again, these members are stable with respect to radial perturbations of circular orbits.
A family of double shells
The members of the family of shells discussed in Section 4 may be combined to generate double shells with finite thickness. To achieve this, we superpose members of (24) in the following way:
where b > 1. This density distribution may be interpreted as two concentric spherical shells with a gap located at r/a = 1/b. We take as an example the member with m = 0, n = 1. The potential as well as the expressions of the rotation curve and epicyclic frequency for this example are given in Appendix E. 
General Relativistic Spheres and Shells
Now we consider an extension to General Relativity of the Newtonian spherical potential-density pairs discussed so far. We choose a particular metric in an isotropic form in spherical coordinates (t, r, θ, ϕ), which was also used in a recent work on another relativistic model of shells [13] ,
where f = f (r). The Schwarzschild solution is given by metric (29) if f = GM/(2c 2 r), and the relation between the function f (r) and the Newtonian potential Φ(r) is 
equation (83), and (c) the epicyclic frequencyκ
/(Gρ c ) 1/2 , equation (84), as functions of r/a, for the same double shell.
By using the Einstein equations, we find the following expressions for the nonzero components of the energy-momentum tensor T µν [13]
The energy density reads as ǫ = T t t /c 2 and the pressures or tensions along a direction k are given by
2 can be cast as
We will study in some detail two simple examples of General Relativistic spherical structures with finite extent: the sphere with potential (5) and the shell with potential (58). Using equations (5) and (30)- (34), we find the following expressions for the components of the energy-momentum tensor of the sphere,
with
and the dimensionless variables and parameters arer = r/r s ,ã = a/r s ,
s ) and r s = GM/(2c 2 ). In order to represent physically meaningful matter distributions, the components of the energy-momentum tensor should satisfy the energy conditions. The strong energy condition states that ρ N ≥ 0, whereas the weak energy condition imposes the condition ǫ ≥ 0. The dominant energy condition requires
Equations (35) and (36) show that the strong and weak energy conditions are satisfied ifã ≥ 16/(3π) ≈ 1.70. In Fig. 6(a) , we plot the curves of the energy densityǫ 1 (solid curve) and the effective Newtonian densityρ N 1 (dashed curve), as functions ofr = r/r s , for the sphere with radiusã = 7, and in Fig.  6(b) , we display the radial pressureP r1 (solid curve) and the azimuthal/polar pressureP θ1 , as functions ofr = r/r s , for the same sphere. Unfortunately, we found that the energy density is not always a monotone decreasing function of the radius. This happens ifã 6.8. Forã 6.8, the dominant energy condition is also satisfied. The radial and azimuthal pressures also decrease monotonically and both vanish on the sphere's surface. In this example, we have an anisotropic sphere with larger azimuthal/polar than radial pressures.
In the case of the shell with potential (58), we obtain the following expres-sions for the components of the energy-momentum tensor:
and the dimensionless variables and parameters are nowr = r/r c ,â = a/r c , (dashed curve), as functions of r/r c , for the same shell. The pressures, as well as the densities, vanish at the centre and and at the outer surface of the shell. This example shows a highly anisotropic relativistic shell with larger azimuthal/polar than radial pressures. We note that the analytical and numerical solutions for relativistic finite shells found by [10] and [12] also have anisotropic pressures.
Discussion
In this work, we constructed families of potential-density pairs that represent spherical shells with finite thickness and shells with infinite thickness, but with a hole at the centre. Shells with finite thickness were obtained by the superposition of spheres with finite radii, and shells with infinite extend by using the inversion theorem on spheres and finite shells. Furthermore, shells with finite thickness may be superposed to give a family of double shells with finite thickness. All the potential-density pairs discussed in this work can be expressed in terms of elementary functions. We also studied the rotation curves for these self-gravitating structures and made a stability analysis based on radial perturbations of circular orbits of individual particles. In all the examples discussed, we found stable structures. A General Relativistic version of the Newtonian spherical potential-density pairs was obtained by using a particular isotropic form of a metric in spherical coordinates. We studied in some detail an example of a relativistic sphere and of a shell. In both cases, the matter presents equal azimuthal and polar pressures, but different from the radial pressure, and this anisotropy is a function of radius. It is possible to choose parameters such that all energy conditions are satisfied. D Potentials, rotation curves and epicyclic frequencies for inverted spherical shells
The expressions for the potentials Φ (m,n) (inv.) of the inverted shells (26) with m = 0, 1 and n = 1, 2 are
